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This paper discusses, develops and compares the theoretical and experimental work for a
The new and practical digital model is develop-
ed and arranged to solve the inverter induction motor for steady state or transient in case

three phase inverter induction motor system.

of symmetrical and unsymmetrical triggering with more accuracy than gthers [1].

On the basis

of the new digital model developed in this paper, a method for simulation of controlled-slip
variable-speed inverter induction motor drive system is described and it can be used for
optimization and predicting the dynamic behaviour of drives and control systems using induc-

tion motors.
set of phase current, D.C,

The experimental verification of the digital computer results is presented. A
input current and output torque oscillograms are presented for

different synchronous frequencies and load torques.
is obtained and compared with the results obtained by theoretical simulation.

Constant slip frequency characteristic
Also, unsym—

metrical triggering conditions are tested for different load torgues.

1. INTRODUCTION

The inverter induction motor systems are becom-
ing increasingly practical. Therefore, a need
arises for an improved diaital model for calcu-
lating the dynamic and steady-state behaviour
of such systems.

Because there are many constraints imposed on
induction motor phases that change many times
during one period, considerable difficulty is
encountered in analyzing the electrical and
mechanical transient or steady state conditions

All the available methods of multiple reference
frames, equivalent circuit approach and others
[1] assume the shape of the phase voltage. In
realty, then, spch methods use the ideal inver-
ter voltage in case of resistive load as an
ideal voltage for the inductive load and induc-
tion motor load.

The investigation shows that the assumption of
a known veltage, as in case of resistive load,
is not sufficiently accurate for current wave-
form and instantaneous torque determination [2].

A new digital model by means of tensor analysis,
is proposed to calculate the inverter induction
motor system behaviour without the need to as-
sume the shape of the phase-voltage. Hence the
model is generalized to handle other cases such
as converter-inverter induction motor system
and cycloconverter-induction motor system con-—
gidering filter and source impedances.

The pulsation torque is investigated for dif-
ferent cases and compared in case of symmetric-

al and unsymmetrical operation.

1.1 The Basic Equation

The following voltage equation 1s applicable to
each winding of stator and rotor of three phase
induction motor

v = B A+ Ri (1)
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The basic equation is obtained by using the con-
cept of power invariance [3]. Its basic tenet
is to transform the time dependent equation (1)
to time independent equation in a way similar to
the direct and guadrature transformations (lc,
1f). However, the transformation is done with-
out change in stator variables so that (a) these
quantities may easily be obtained & (b) the
forced inverter terminal constraints could be
applied to the equation. The variable stator-
to-rotor mutual inductances can be made constant
by transforming the rotor gquantities to a
stationary reference frame.

The equations of five variables are obtained
without distorting the physical meaning. These
variables are as of the following equation:

'] (2)

l\,']p = [G(w)

i L] Bli
[L}p + 4 ]p [ lp

This equation is expressed in a form, where the
normal constraints upon the voltage of the
machine imposed by the known inverter switching
connections, are immediately applicable. In ad-
dition, the solution for the dependent current
variables can be easily interpreted in terms of
the phase current. Therefore, equation (2) is
taken as a primitive eqguation for inverter-in-
duction motor system. With the basis of tensor
analysis, the phase voltage is not assumed as
the in previous methods [1].

1.2 Method of Analysis

With many inverter modes, the voltage applied to
the motor phases is obtained by a series of
thyristor switchings for the phases across a
D.C. source periodically. The most common
example is the six interval inverter system.

The motor equation for each interval can be
obtained by using the connection matrix between
the primitive system and the interval system as
in the following:

Interval "1"

Thyristors 1, 4 and & in fig. (1) are ON as
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shown in fig. (2h). The rotor has the same
connection for all intervals similar to the
primitive connection. Therefore, the connec-
tion matrix [c]; between the primitive vari-
ables in equation (2) and the new variables
shown in fig. (2b), can be written by comparing
fig. (2a) with fig. (2b) as:

&1 = [e]l, [i1 (3)

P 1 1
or
i 1 o] 0 6] iy
i 0 ! 0 o} i
2
8 = (4)
ia o} a L 6] La
ib 0 0 0 1 Lb

Applying the tensor basis [4] to enuations (2)
and (3) yields:

I, = 6], (], + (Ll ® (i) (5)
where
VA - VC E
V. -V Q
Wi, = [c]f w1 =12 € = (5a)
B o 0
0] 8]
G, rl. = (€17 (6, r.1_(c] (5b)
(w)'1 L (w) p L
and
(L] = ©T w_ (el (5¢)
1 3 g 1 e

Interval "6"

Thyristors 1, 2 and 3 in fig. (1) are ON as
shown in fig. (2¢). The eguation will be:

lv]a = [G(wr)]l [i]6 + [L]l D(i]6 (6)
where
VA - VC o}
v -V, -E
wig = | ® € - (6a)
o} (6]
8] (0]

Intervals 1 and 6 are presented here as
samples. Similarly equations for intervals 2,

3, 4 and 5 can be derived.

1.3 Mathematical Model

A general model is proposed to solve the in-
verter induction motor system permitting a con-
venient and simple method of analyzing steady
state modes considering speed pulsation in case
of symmetrical and unsymmetrical triggering as
well as transient processes.

Equations (5) through (6) can be written as:

y - -1 . =1
21, = (Ll [G(wr)lllln * [Ll1 [Vln (7)
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The solution of equation (7) for any time (nAt)
expressed in terms of the system initial con-
ditions at (n-1) At is [le]

[A(n)]At
lltn)]n i o [l(n—l)]n-l "
[A 1At
(n) . -1
ul] - e IE(n)1 IVIn (8)
where
A, .1 = - (6, 1 (8a)
(n) 1 )1 o
and
lG(n}] - [Gwr)ll (85

To apply equation (8), it is necessary to find
the initial current vector Li(n’l)] assuming
the speed is constant for each interval. Equa-
tion (8), can be used with more accuracy when
each interval is devided to subintervals (K) as

[i ] _ e[A(nKﬂn)Mt [ I
(nK+m) "n+1 (nK+m-11)
[A 1At
(nE+m) -1 &
[U]-e [G(nK+m)1 [V]n+1 (2)
where m =0, 1, 2, ... K subintervals
and n=0, 1, 2, ... N intervals

Once the induction motor currents are calculat-
ad, the inverter input currents can be evaluat-
ed easily by using the interval relation mat-
rices 1 to 6 derived from fiaq. (2) as follows:

i i
. B 1) . B = 1
Yy - 2 01 [. ]' Yagzy = B 1)
5 Vi
1 2
(l0a,b)
i i
. 1 ‘ 1
e = @ - L e by ~ T 9 [.
2/ 3
3 4
(10c,d)
i i
1 - B 1
Liaesy = 1 11[12] ¢ Y40ty T 19 1][12}
5 6
(108, )
where i, represent the currents

to i,
= 3 6 A
of xnte}eé})l to én$eépect1vely.
2. APPLICATION OF THE NEW DIGITAL MODEL

Interesting applications for equations (9) & (10)
by using the digital computer are transient and
steady-state in case of symmetrically or unsym-
metrically triggered thyristors as in the fol-
lowing items:

2.1 Symmerically Triggered Thyristors

For symmetrically triggered thyristors equation
(9) is used with equal interval times. In ad-
dition to equation (9), the dynamic behaviour
of the system can be studied by the equation
governing the change of rotor speed as:

T
. T P I
RO = i 23 - i farpiSios b
(& [1( )] [L( J] [R1[1{ )]l 5 Rl (11)
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The differential eqguation (l1) can be arranged
in a form suitable for digital computer by
using any numerical method such as Runge-Kutta
method or Predictor-corrector method, etc. If
the Predictor-corrector method is used, equa-
tion (11) will be in the form:

50(nx+m+l) é(nK+m) P A p @ (nK+m) (12)

1 20
+ -
8 (nK+m) ; (nktmtl) ﬁ; 8° (nk+m)

"

«1
L (nk+m#+l)

. k-1 (13)
. B g
“k(nx+m+l) 5 )(nK+m)+; (nKim+l)

A ek~

% ] gkt {(nK+m) (14)

The iteration is terminated when two successive
iterates agree to the desired accuracy.

The system of equations (9), (12), (13) & (14)
can be solved by introducing the initial values
for the currents and rotor speed., Hence, these
equations are suitable to solve any sudden
change., Also it can be used tu get the steady-
state solution whether the speed 1s constant or
not,

2.2 Unsymmetrically Triggered Thyristors

For practical reasons the inverter-induction
motor system may have unsymmetrically triggered
wave as shown in fig. (3). Eguations (9), (12),
(13) and (14) must be modified so that the
lengthened interval and the shortened interval
have the correct number of sub-intervals,
This may be done as follows, for example, take
interval (n) as lengthened one and (n+l) as a
shortened one as shown in fig. (3). The pro-
gram must be designed so that interval (n) has
a number of subintervals higher than K and in-
serval ut+l has a number of sub-interval less than
K. By doing this the solution is obtained
using equations (9), (12), (13) and (14).
2.3 Application to the Analysis of a Converter-
Inverter Induction Motor Drive

The new digital model is employed to establish
a method of calculating the inverter-induction
motor variables which are supplied by any volt-
age shape. In converter-inverter system, the
input inverter voltage depends on the inverter-
induction motor variables because of filter and
source impedences as shown in fig. (4). The
equivalent circuit and equivalent source volt-
age are shown in fig. (5). The equation des-
cribing the system shown in fig. (5), is deriv-
ed as follows:

Vo = (B T IR Wy * G B2 (1%
where - -
R=R_+ Re and L = Iy, + L (15a)

The inverter input currents can be expressed in
terms of the motor phase currents by using
equation (10) to be in the following form:

= e i (16)
iin(n) [ 1n [ ]n

combining equations (15) and (16) and using
equation (7) for the vectar B[i] yield:

= o : -1 g
vs(n) = R[L]n + L(cln (L] [G(wr>l [1]n +*
Al ) 2
L[C]n[L] [Cv]n £+RCEP£+LCED £ (17)
where, [CV]nE = [V]n (17a)

The second order differential equation (17) can
be written as a set of two first-order differ-
ential equationsby using the state-space ap—
proach (5). A set of state variables suffi-
cient to describe this system is the inverter
terminal voltage (£) and the rate of change of
it (Be). Therefore, we will define a set of
state variahles as (xl, xz) where:

xl(t) = g(t) and xz(t) = RBe(t) (18)

Equation (17) can be written in terms of the
state variables in a matrix form as follows:

1 0
xl (6]
D =
| = R R
X, -E*lhln[L] fe,1, T —EE—[Cln
3 £
0
*)
v 1
x2 + vs(n) (19)

1

1 -1
+ gl TS AT N
£
Equations (19), (7) and (10) form a perfect and
complete model for converter- inverter induc-
tion motor system, which can be solved as follows:

The forcing function (Gs) is known according to
the known A.C. supply voltage and the converter
firing angle (&). Because of converter effect,
this forcing function (Vg) is a sinusoidal
function that is repeated every half cycle with
respect to the frequency of the A.C, supply.
The acting time (t.) of the forcing function
(Vg) begins with the firing time of the conver-
ter and it continues as long as the current
through the conducting thyristor is positive.
Once the thyristor current goes to zero, the
forcing function becomes zero and will continue
to be zero until the start of the second firing
time and so on. The thyristor conduction time
(te) is affected by the forcing function which
is the load torqgue.

In short, the system of equations (7), (10) &
(19) are summarized as a set of simultaneous
differential equations as follows:

R = E(xl,xz,[i],ﬂ,t) + E(VS,TL,u) (27)

]

The recommendations for this model is obtained
by using it to solve the inverter-induction
motor system considering the D.C. link resist-
ance and inductance. To consider the filter
and other series impedence effects, it is ne-
cessary to use this newly developed digital
model, This model enables us to predict the
interaction between the load and the source,
especially for converter-inverter system.
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3. CONCLUSION

An inverter requires direct knowledge of the
state of its phase quantities. The proposed
transformation of the machine equations re-
tains the stator phase variables while elimi-
nating the time and position dependence of the
machine inductance parameters. Therefore,
this transformation expedites the matching of
the output terminal conditions of the inverter
to the input terminal conditions of the induc-
tion motor and this in turn expedites the
matching of the output terminal conditions of
the converter or the DC source to the input
terminal conditions of inverter for any opera-
tion type, while retaining computational
simplicity. Thus it can be seen that the model
is useful for evaluating the transient and
dynamic performance of the induction motor in
case of symmetrical or unsymmetrical inverter
operation. The model lends itself to easy
manipulation, taking into account the source
constraints and operation conditions of the
converter and inverter. Detailed equations
derived in forms which are directly soluble on
a digital computer and should be useful, along
with the interval state technigue suggested,
in the study of the dynamic and transients in
case of symmetrical or unsymmetrical operation
of any inverter type and cycloconverter.

This model enables one !'n consider the D.C.
linkfilter easily without approximation. The
model is applied for symmetrical and unsymmet-—
rical cases. It shows that the motor torque
shape is very senstitive to the unsymmetry of
the triggering. The unsymmetry of one interval
led to modulation of the six pulses wave by the
fundamental pulsation. The unsymmetry for each
interval led to a distortion of the sixth pulse
wave, These pulsating torques may lead to
higher shaft stresses and speed oscillation.

The experimental torgue oscillogram in case of
imperfect symmetrical triggering, as shown in
fig. (6), has the first harmonic pulsation
torque superimposed by a sixth harmonic torgque.
The experimental oscillogram in case of perfect
triggering, as in fig. (8) has the sixth
harmonic torque as that obtained by the digital
computer as shown in fig. (7).

The above results show a gqood recommendation
for the new digital model approach. Hence, it
may be used to detect the reasons hehind the
unexpected torque pulsation as in fig. (6).
Figures (9), (l0), (l1) are computed for dif-
ferent types of unsymmetry. These fiqures
namely (9), (10) and (11) show that the motor
torque shape is very senstitive to the unsym-
metry of the triggering. In fig, (11), for
example, unsymmetry of (2.5°) for one interval
led to modulation of the six pulses wave by

the fundamental pulsation with amplitude of

200 per cent compared with the six pulses
torgque amplitude. In fig. (10), however, unsym
metry of (2.5°) for each interval led to a dis-
tortion of the six pulses wave.

LIST OF SYMBOLS

a,b,c Subscripts referring to rotor phases
A,Bii Subscripts referring to stator phases
(Al Inverse of matrix [A|

e
T3k
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(Bl

£

lc(wz)]

i
[i]

[i(n)]
li(n)]
ia,ib,ic Rotor currents referred to stator

Filter capacitance

Transpose of connection matrix [C]
Defined matrix

Inverter dc input voltage

Frequency, function

Speed dependent impedence matrix
Instantaneous current

General current vector

Initial current vector

Current vector at time interval (nAt)

T Y gy
1§,1b,1c Actual rotor cur¥ents

i”,L-L;,lY Stator currents
J kK

(L]

L
F
LS
LS
>
Lp

m

t & Ee

At
T

Angular moment of inertia & Integer
Speed independent inductance matrix
Filter inductance

Source 1inductance

Self inductance of one stator phase
Effective rotor self inductance of one
phase referred to rotor

Subinterval number

Interval number
Subsecript of referring to primitive
parameters

Number of pole pairs

a

dt

Superscript referring to rotor parameters
Resistance

Filter resistance

Sounrce input resistance

Superscript referring to stator
parameters

Time and Conduction time of thyristor
Time interval

Electromagnetic torque

Ty, & (U] Load torgue and Unit matrix

v Instantaneous phase voltage
(vl General voltage vector

Uy Forcing function

w Electrical angular frequency
X1, X State variables

(2 Thyristor firing angle

£ Inverter terminal valtage
(0] Instantaneous inductance matrix
i i

0 Rotor anqular speed

3] Rotor angular displacement
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Fig.1 6) Experimental Oscillogram for Symmetrical
Triggering
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