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This paper discu>isc ;, develol's ilnd ollllJar.,. tlte 11«0.1: •. Lic:al aud experir.Lnlal work for a 
three phase lnv,-,rt"r l.ndUCClon motor system. The new anu practical di.giti.! model is develop­
ed and arranged to solv e the i verter induction motor for steady stale or transient in case 
of symnt<!trical and unsymmetxical triggering with more accuracy than others [11. On t he Lasis 
of the new digltal mode l developed in this pap r, a method for si",~ation of controlled- ,,;lip 
varLable- s~eed Inverter induction motor drive system is described and it can be used for 
optlmLzation and (nedicting the dynamic behaviour of drivus and control systems using induc­
tion tnOtors. Th", ex[",,,d menta.l ver i fl.cation a f the dig ita] computer resul t s is presented. A 

set of phase curren t , U . C . input cut'reu t and Olltput torque as'' i 110gr3m5 are presented for 
dif ferent synchronous f r,"q1.h~ncies arid load tc,rqu",s . ,'onstan t >iIi r frequenc y characteristic 
is ol.>taineu and cOlnl>arcd wJ.th the resul ts obtaiued by t eoreti cal ~ imulaLion. Also, unsym­
metrl.cal trigger'ing con i tions art! ested (or ifferent load torques. 

1. INTRODUCTION 

TI,p inv~ rt",r l.nduction motor ~ystems are b~com­
inq lncreasLngly practical . There f ore , a need 
aris~s for an im~rov~d d~cital model for calcu ­
lating the dynamic and steady - s~ate behaviour 

or such systems. 

Because there are many constraints imposed on 
induction motor phases that change many times 
dueing on~ period, consi erable di£ficu~ty i s 
encountered in analyzing the electrl.cal and 
mechanical Lransient or steady state c.ntlition ' 

All the aVdilabl.., methods at multiple reference 
frames, equivalent circuit approach and others 
[1] assume the shape of the phase voltage. In 
realty, then, such methods use the ideal inver ­
ter voltage in case of resistive load as an 
ideal voltage for the inductiv e load and induc­
tion motor load. 

The investigation shuws that the assumpt i on of 
a known volta~e, as in case of reS I stive l oad, 
is not sufficiently accuraLe fur curren t wav~­

form dnd instant.aneous torque determination [21. 

A new digitai model by means f tensor an~ysis, 
is proposed to ca l cl\late the inverter induc tion 
motor system behaviour without the need to a>i ­
sume the shape of the phase-voltage . Hence the 
model is generalized to hand l e other ca~es such 
as converter-inverte~ induct i ol motor system 
and cycloconverter - induction motor system con­
sidering filter and source impedances. 

The pulsation torque is investl.gated for dif ­
ferent cases and compared in case of sy~netric­
al and unsymmetrical operation. 

1.1 Tht- B<,su' Equatl.on 

The following vo1tag~ equat~on is appl i cabl e to 
each winding of stator and rotor of three phase 

The basl.c equation i s obtaine by us~ng the con ­
cept of power invaciance (1). Its bas i c teneL 
is to transform t he time depen ent equation (1) 
to time i ndependent equation in a way simi lac t o 
the d~rc,ct and quadrature transformation s ( le , 
If), H,.)w€! 'r, ti,e teallS formation ' s don e with­
out change in stdtor varl.ables so that (a) these 
quantities may e si~y be obtained & (b ) t he 
forced inver t er termin~ constraints could be 
applied to the equation . The variable stator ­
to- rotor mutual inductances can be made constant 
by trans form i nq the rotor quan ti ties to a 
stdtionary referenct;; frame, 

The <!quations of rive variables are obtaim:d 
wi.thout distorting the physica l meaning. These 
variables ar~ as f the fol l owing equation : 

[1.] + [L] P [i 1 (2 ) lVl 
p p pp 

Thi~ uquation l.S expressed in a form, where the 
normal consLt'ai nt:; upon the voltage of the 
machin e i mposed by t.he known inverter switch j ng 
con nect i ons, dre immediately applicabl e . In ad ­
dition, h« solution for thf! depe.ndent curren t 
vadables can be easily i nterpreted in terms of 
the phase curr",nt.. Therefore, equation (2) is 
taken as a primitive equation for i nverter- in ­
duction motor system. W'th the basis of tensor 
analysi~ , the phase voltage i s not assumed as 
the 111 prevIous m~ hods Ill . 

1.2 Method of Iln' l ysis 

Wi.th man y inverter modes, the voltage applied to 
the motor phases is obta i ned by a series of 
thyristor switchings for the phases across a 
D.C, source peri dical1y. '!'he most common 
example is the six interval inverter sys t em . 
Th~ motor e uation for each interv~ can be 
Obtained by using the c onnection matrix between 
th .,rimitive system an the interval system as 
in the following : 

induction motor 

v 

Interval " 1" 

(1) 
'rhyrl.stors I , 4 and 0 in fig. (~) are ON as 
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shown in fig . (2bl. The rotor has the same 
connection for ~l intervals similar to the 
primitive connection . Therefor~, the connpc ­
tion matrix (cll between the primitive vari ­
ables in equation (2) and the new variables 
shown in fig . (2b), can be written by comparing 
fig. (2a) wi h fig . (2b ) as: 

tilp rCl 
1 [i l l ( J) 

or 

i a 1 0 0 0 i] 

is 0 -1 0 (1 i2 
(4) 

i a 
0 0 1 n i 

a 

ib 0 0 t) 1 i b 

Applying the tensor basis r4) to enuations (2 ) 

and ( 3) yiel ds: 

[V] 1 [G(well l li l l + ILll P I j 11 (5) 

where 

V - V E
A C 

0- VVBT C
[V ] (Sa)[V]l lC I 1 p 

00 

0 0 

(C I T lel (Sb)[G(w r ) J 1 [G(wr ) lp1 1 

and 

[C I 1' 
· [L] [el (Sc)

1 p 1 

Interval "6" 

Thyristors 1. 2 and 3 in fig. (1) are ON a s 
shown in fig . (2c). The equation will be: 

(6) 

where 

- V 0VA C 

- E V - VcB[VI (6a)
6 

0 

0 

Intervals land 6 are presented here as 
sample. Similarly equations for intervals 2, 

3. 4 and 5 can be ~erived. 

1.3 Mathematical Mode l 

A general model is proposed to solve the i n­
verter induction motor system permitting a con­
venien t and simple method of analyzing steady 
state modes considering speed pulsation in case 
of symmetri cal and unsymmetrical triggering as 
wel l as transient processes . 

Equations (5) through (6) can be written as: 

-1 -1 
(Ll [G(wr »)[11 + [Ll [V l (7)

1 n l n 

Mansour et a 1 . 

Th. solution o f equation (7) or any time (nllt ) 
expressed in terms o f ~he system initial con­
.l i tion!' at (n- 1) At is [Ie] 

IA(n ») 6 · 
e 

( 8)lUI ­

where 

-1 
-[Ll (8a)rAin) ) [e: (n) 11 1 

and 

(8b) 
n 

! r, (n ) I l r.wr) 11 

'l'0 a.,ply equatio/l (8 ), .it i s necessary to find 
th initial current. vec tor [i In -l) 1 ass uming 
the speed is constant for each interval. Equa­
tion ( 8), can be used with more accuracy ""hen 
each interva l is devided to subintervals (K) as 

fA I 'I t 
Ii 1 = e (nK+m) [ 1 1 +(nK+m) 11+1 (nKrm- l) 

(A I A 
-1[u ] - e (nK'm ) (9)[G(nK+m ) I (V]n+l 

where m = O. 1, 2. K !'jl,lhintervals 

and n = 0 , 1. 2. N i nterval s 


Once the induction motor c urre n ts are calc ulat­
~d. the inverter inp ut currents can be e valuat ­
I~d NIsi Ly by using the interva l relaticm mat ­
ric~s 1 to 6 der i ved from [iq . (2) a s follow ", : 

[1 01 [ 1 - 1 Jiin (1) (::) . i 1n (2) [:1] 

1 2 

(lOa ,b) 

[0 - 1 [ [ -1 OJ iin ( 3 ) i in (4)G:1 [::J 
3 4 

(J Oc , d) 

[-1 [0 iin (5) iin((-;)11 (~~l5 1 J [:~L 
(1ne, f) 

where i. ) to i. t k re.,rcsent he currents 
of intelO~ l 1 to ~n 6 e pectively. 

2. APPLICATION OF THE NEW DIGITAL MODEL 

Jnteresting applications for equations (9) & CI0) 
y using the diqital computer are transient and 

s eady- s tate i n case of symmetrically nr unsym­
me rical1y triqgered thyri s tors as in he fol­
l owing items: 

.1 Symmerically Triggered Thyristors 

for symmetrica l ly triggered thyristors equation 
(9 ) is used with equal interval times . In ad­
dition to equation (9), the dynamic behaviour 
of the system can be studied by the equation 
governing tile chanqe of rotor speed as : 

~6n = (· [i(n)lT lG(n)I-!Rlri(n)ll :J -T~ (11) 

' w 

0 
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h" ilt ferential ""IUat.ion Ll) can bE drranged 
111 .. corm sUltable for dl.gl t al computer by 
using any nwnerical method such as Run':le- Kutta 
m thad or Pr"dictor- corrector method , etc. If 
the Predictor-corrector met-ho j s used , equa­
t LOI. (11) will be in th" form: 

' ( 1 
(11K m+l) \ t ~ (nK+m ) ( 12 ) 

• 1 _8(nK+m)+':'O(nK+m~1l + ~~o(nK+m)
(n~: tm+l) 

2 2 LJ) 

'k b(nK+m)+~k-l(nK+m+1)
nY. rm+ 1) +

2 

(1 4) 

'I'he u:eration is terminated when two successive 
it~raLcs agree to th~ desired aCLuracy. 

Th", i's t~m o f equ tions ( 9) , (lZ) , ( 1 3) I> (14) 

Cdn be solved by Lntroducing the in i tlal value. ­
for- the cu~r.,nts arid rotor speed . lIence , thes" 
..'<[uatlons are sui t able to solve any sudden 
change . Also it an be used t u yet th~ steady­
stat:e solut:ion whether t he speed lS constant or 
not. 

2 . 2 unsymmetrically Triggered Thyristors 

For practical reasons the inverter-induction 
motor system may have unsymmetrica l l y tr j ggered 
wave s shown i n fig . (3 ) . Equation (9 ) , ( 12) , 

(13) and (14) mus t be modified so t hat the 
lengthen d lnLerval and Lhe shortened interval 
have the correct I umber of suL-in terv Is. 
This y be done as follows , for exam Ie , take 
Ulterval (n) as lengthened one and (n 1) as a 
shortened one as shown in fig. ( 3) . The pro­
~ram must be designed so that i nt",rva l (n) has 
a number of sublntervals higher than K and in­
~t!rval u->l has a number of sub- intel'val less than 
~ . By d01ng thls the solution 15 obtained 
ubing equat:ions (9) , (12) , ( 1) ) and 14) . 

~.3 Application to he Analysis of a Converter­
Inverter Induction Motor Drive 

The n,,'" digita l model is employed t o establish 
" method of calculating the inverter- induction 
wator variables which are suppl led by any va t ­

ge shape. In ' onv rter- inver t er system , the 
input inv~rter voltage d",pends on the inverter­
induction motor var i ables because of filter and 
source imped"nces as shown i n fig. ( 4) . 'rhe 
equivalent circuit and equiva l ent source volt­
age are shown in fig. (5 ) . The equation des­
cribing the system shown in tig . (5 ) , 1s der i v­
ed as follows: 

15) 

(15a ) 

be expressed i n 

form: 

(16) 

) and uSlng 

and 

The inverter input currenLs can 
terms of the motor phase currents by using 
equation (10) to be in the followinq 

i = Ie] ti ]
in(n) n n 

Comb1ning equations (15) and (1 
equation (7) for th~ vector P[il yie l d: 

v HIC ] + L[C] [ iJ 
n 

+
sIn ) n 

(17 ) 

whOLl! , [ e j E f V ] (17a)
V n 

The si:(;ond order djrferen t ia l equa ion ( 1 7) can 
1e wri LLell as d set of Lwo first -order di ffer­
en t i al equationsby usinq t he sta t e-space ap­
~roach (5) . A et of at t e variabl es suffi­
cient to descrlbe his system is the inve t"ter 
t.erminal voltil,:/e ( ) and the r ate f change o f 
it (" " ) . ThereforE , we wil l define a se t of 
,.; tL! v riaLle" a ' (Xl ' x ) where :

Z

t: (t ) and x ( t) = !;It. (t) (18)
2 

t::qU<t\..IO[1 (17) can be written i n t erms of the 
state varlables in a mat r i x [arm as f oll ows : 

o 1 0 

_J:..[C J f L j -1 [C ] 
R -~rcl 

C n v n L Le n
ff 

(19 )v (n ) 

Equations (19 ) , (7) and (10 ) form a perfect and 
compillte mode l for converter- i nver t.er i n..1uc­
tion motor system, which can be solved a s fol lows : 

The fO lc-cing function ( V. ) 1 S known according to 
the known A.C. supp.ly vol tage and the onverter 
firing angle ( ~) . Because of converter ~[ fect , 

this forCing £unction (Vs ) is d sinusoidal 
fu nction that lS repeat ed every half cyc le wit 
resllect to ehe ft"equ"ncy of the A.C' . supply . 
T~e ac t ing time (tc ) of the forc i ng functi on 
(Vg ) begins with the fir ing t. i me f the conver­
te r and it cont1nues as l ong as t he current 
through the conducting thyr i stor is po itive. 
Once the thyristor current goes to zero , t he 
forciny function becomes zero a nd wi l l continue 
to be zero unt1l t he start of the second firing 
time a nd so on . Tht! thyri stor conduction t ime 
(tc ) is ffec ed by t he forcing functio n wh i c h 
1S the load torque . 

I n short, the system of equa t i ns (7 ), (10) & 
(19 ) are summarized as a set o f s1IDult aneous 
differential equations as fol l ow : 

(27 ) 

i 

The lecommendations for this model is ob tai ned 
by using it to solve the inverter- induct ion 
motor system considering the D. C. link resist­
ance and inductance. 'ro consider t.he fil t er 
and l1th«l series impedl!nce ffect.s , it is ne­
cessary t o use till s newly devel oped d i gi t a l 
mode l. 'rllis model enabl es us t o predict he 
interact: i on bet.we"n the loa d and the source , 
especlally for converte r -inverter syst em . 
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3. CONCLUSION 

An inverter requires rlirect knowle>dge of the 
state of its phase quantitips . yr.!. 1'I",[>Os£'r] 
trdn sformdtion of the machine equations re­
tains the stator phase Va..! lables whil., elimi ­
nat.1ng the time ann posi ion dC'pendence of he 
machine inductance parameters . 'rh£'reforf>, 
this transformation expedi es the rna 'ching of 
the output terminal conch ions of til'" inverter­
to the input terminal condltir:ms of the induc­
tion motor and this in turn expedites the 
matching of the output term On 1 conrlitions of 
tile converter or the PC source 0 the input 
terminal conditions of inverter for ny opern ­
tion type , ,....h ile retain i nq computational 
simplicit . Thus i t can be s,~cn that the J1lQdel 
is useful for eva luatinq the transient and 
dynamic performance of the induction n~tor in 
case of symmetrical or unsymmetrical inverter 
operation . The model lends Jtself to easy 
manipula t ion , taking into accoun' the source 
constraints and operation condi ions of he 
converter and inverter. Detailed equations 
derived in forms which are directl ' solcl)le on 
a digital computer and should be usef!]l, along 
with the interval st.ate technique suqgested , 
in the study of the dynamic and ransien ts in 
case of symmetrical or unsymmetrical operation 
of any inverter type and cyc l oconver el". 

This ~del enables on< I 1 consider the D. C. 
l inkfi l ter easily without approximation . The 
model is dpplied for symmr·tr i cal ~nr! uns~rmmet ­

rical cases. I t shows that the motOl" torque 
shape is very sensti lve to the unsymmetry of 
the 	triggering . The unsymmetry of one interval 
led 	to modulation of the six pulses wave by the 
fundamenta l pulsation . The unsymmetry for each 
interva l led to a distorti.on of the sixth pulse 
wave . These pulsatinq torques may lead to 
higher shaft stresses and speed oscillation . 

The experimental torque oscillogram in case of 
imperfect symmetr.ical rigqering, as shown in 
fiq. (6), has the first harmonic pulsation 
torque superimposed by a s i x h harmonic torque. 
The experJrnenta l oscil l ogram in ca~ of perf~ct 
triggering , as in fig. (8) hag the sixth 
harmonic torque as that obtained by the digital 
computer as shown in f i g. (7) . 

The above results show a qood recommp.n~ation 
for the new digita l model approach. lienee. it 
may be useu to detect the rea<;ons b ..hin.j the 
\mexpected torque pulsation as in fio, (6). 
Fioures 	 (9). (10), (11 1 are computerl for dif­
ferent types of unsymmetry. ~hese figures 
namely (9) , (10) and (11) show that th motor 
torque shape is very senstitiv(' to the unsym­
metry of the triggering. Tn f iq . (11), Eor 
example. Imsymmetry of (2.50 ) for one Int~r:vdl 
led 	to modul ation of the six pulses wave by 
the 	fundamental pulsation with ampli ude of 
200 per 	cent compared with the s ix pul ses 
torque am litude. In fig. (10), however , unsym­
metry of (2.5°) for each interval led to a cij s ­
tortion 	of the six pulses wave. 

[.IST OF 	 SYHBOLS 

a,b,c 	 Subscripts re ferrinq t o rotor phases 
A.B.C 	 SI~scrjpts r fer ring to ~tiltor phas~s 
[AI-1 	 Tnver~e nf matrix I~l 
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rilter CdPilc~tance 
'rranspose o[ connf'C ion mntrix [e1 
Oefl.ned matrix 
Invertpr dc input vo 1Lage 
Prequcnc~ func ion 

I{; (wr) I 	 S leed depPlldent imredence matrix 
i Ins t antaneous current 
Ii ] r,ener 1 current vector 
[ i (0 ) 1 Initi 1 current v~ctor 
[i ( n) 1 Current vec or at tim'" interva.l (nAt ) 
i .ib,ic Ro or curren s referred to stator 

ir , i~,i~ Actual rotor cur~on s 

i lt , i t" i )' Sta or currents 

.T I, K 	 Angul a r moment of incr ia 6< Tn teqer 
[1. 1 Speed independent inductance matr i.x 

L Filter induc t ance 


f 
Ls Source 1nductancc 

S 
L Self inductance of 0ne stator phasp 
L~ Effective rotor self inductance of one 

phase referred to ro or 
m Subinterval number 

n Interval number 

F' Subscript of refe1rinq 0 primitivp 
parameters 

p Number of pole pairs 
d12 
dt 
superscript referrino to rotor parametersr 

R 	 Resistance 

Filter resistance
Rf 
Source input resistanceRs 

s Sup~rscrip referring to s tator 
parameters 

t ~ t~ Time and Conduction tim of thyris or 
t Time interval 

T Electromagnetic torque 
TL & [u 1 Load torque and Uni r matrix 
v Instantaneous phase voltage 
[V] General voltage vector 

VS I"orcing function 
w Electrical anqul ar f requency 

x2 State var i ables 
r( Thyristor firing anq e 
Xl' 

r Inverter terminal voltage 


t'/' J Ins t antaneous inductance ma t rix 

~ 	 I/I i 

e 	 Rotor anq ular speed 
0 	 Rotor angu l ar displacement 
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NEW DIGIlAl MODEl RESULT 
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